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Theoretical predictions for the mechanical response of a model quartz
crystal microbalance to two viscoelastic media: A thin sample layer
and surrounding bath medium

Christopher C. Whitea) and John L. Schragb)

Department of Chemistry and Rheology Research Center, University of Wisconsin, Madison, Wisconsin 53706

~Received 26 June 1998; accepted 7 September 1999!

Theoretical predictions are presented for the operating characteristics of a quartz crystal
microbalance~QCM! system consisting of the crystal, an attached viscoelastic sample layer, and a
surrounding viscoelastic bath medium. Predictions are given for the spatial variation of ‘‘particle’’
velocity and velocity gradient throughout the sample layer, for the characteristic mechanical
impedance acting on the crystal surface due to the viscoelastic sample layer plus surrounding bath
medium, and for the resultant changes,D f r , in the resonance frequency of the QCM. Errors
introduced by employing the usual simple Sauerbrey-typeD f r/sample-layer–mass relationship,
together with a constant frequency offset to approximate the effect of the viscoelastic bath medium,
are explored. In general, the viscoelastic properties of both the sample and bath media can
substantially affect the apparent thickness~mass! of the sample layer if it is obtained by employing
the typical Sauerbrey-type approximation noted above. ©1999 American Institute of Physics.
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INTRODUCTION

In many studies, measurement of very small sam
masses is necessary. Knife edge or electronic balances
readily achieve a sensitivity of about 0.01 mg while elect
static balances have a typical sensitivity of 0.15mg and prob-
ably represent the state-of-the-art in commercial instrume
for direct mass determination. Rapid advances in fields s
as surface science, microelectronics, and thin film techn
gies have made the ability to measure even smaller mass
critical importance.

Quartz crystal microbalances~QCMs!, developed in the
late 1950’s and early 1960’s, appear to fulfill these m
measurement needs at least for some samples; nomina
detection limits have been reported.1 These devices hav
three attractive features: high measurement precision~at least
1 part in 106 for resonance frequency!, temporal stability of
the resonator~ppb for weeks!, and relatively low cost. How-
ever, QCMs do notDIRECTLY measure mass. With a quar
crystal microbalance system, the mass of a thin sample l
attached to the surface of a QCM isINFERRED from the re-
sultant change,D f r , in resonance frequency,f r , from that of
the bare quartz resonator,f r

0, due to the influence of the
sample. If the applied layer is firmly attached and rigid~mo-
tion within the layer is spatially constant in both amplitu
and phase!, the change in resonance frequency can be
rectly related to sample mass. Recently, QCMs oscillating
simple shear have shown high mechanical Qs even w
immersed in liquids or other mechanically lossy media.2–29

The effect of a surrounding lossy medium on the resona
frequency of a bare QCM has been theoretica
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predicted10,11and experimentally verified29 ~very low viscos-
ity media! to be approximately equivalent to a constant fr
quency offset from the resonance frequency seen when
surrounding medium is present. This has led to a great
pansion of applications in which the QCM has been e
ployed. Quite often in these new applications a QCM with
applied viscoelastic sample layer, the mass or thicknes
which is to be determined, is immersed in a surround
viscous or viscoelastic medium. Theoretical predictions
this situation have not been presented. Thus for QCMs
currently employed, there are several questions that have
been addressed. For example, under what conditions
simple D f /sample mass~Sauerbrey-type!30,31 relationships
applicable? How is the behavior of a viscoelastic sam
layer and the QCM resonance frequency affected by
presence of a second surrounding viscoelastic bath medi
What is the relationship between what is physically occ
ring in the sample layer and the change in resonance
quency that is being sensed? In this article, theoretical p
dictions are presented for the spatial variation of the veloc
and velocity gradient throughout the sample layer, the ch
acteristic mechanical impedance at the crystal surface du
the presence of the viscoelastic sample layer plus a surro
ing viscoelastic bath medium, and the resultant change
QCM resonance frequency obtained by employing a sim
harmonic oscillator approximation to the quartz resonator
gether with the characteristic impedance due to the attac
sample layer and surrounding medium. Predictions are
sented for selected cases to illustrate the link between wh
occurring in the sample layer and surrounding medium a
changes in the QCM resonance frequency.

At this point it is important to note that previous the
retical treatments, as well as the one presented here,
idealized the quartz crystal resonator motional behavior

-

2 © 1999 American Institute of Physics
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11193J. Chem. Phys., Vol. 111, No. 24, 22 December 1999 Model quartz crystal microbalance
assuming only an in-plane motion of the surface of
quartz crystal so that only simple shear waves propag
away from its surface. Recent experimental evidence
confirmed that, in addition to shear waves, a longitudi
wave component is also usually produced by the actual
tion of quartz crystals32 as noted years ago by Jaffe.33–36 If
one is attempting to determine the viscoelastic propertie
the sample layer, the presence of a longitudinal wave c
ponent propagating in the sample and surrounding bath
dium will usually considerably increase the difficulty of in
terpreting the data.

BACKGROUND

Excellent descriptions of the historical development
the QCM are in the literature,20,37so only a brief overview is
presented here. Cady34 apparently developed the first piez
electric resonator in 1918. In 1957 Onoe38 considered the
problem of a quartz plate loaded by a rigid surface film
metal and predicted the experimentally observed freque
shifts; this is the first description of a device similar to t
modern quartz crystal microbalance.

Sauerbrey,30,31 first in 1957 and later in 1959, publishe
pioneering articles which provided a description and exp
mental verification of the mass/frequency shift relation
rigid foreign layers firmly attached to the surface of a re
nator; this derivation implicitly assumes that a deposited t
layer of foreign material~massmf) is at the antinode of the
standing wave in the quartz crystal and that its density
shear modulus are such that it can be treated approxima
as an extension of the quartz crystal.@The mass of the for-
eign material (mf) attached to the surface of the cryst
would be equivalent to an increase in the mass of the cry
(Dmq)]. Thus the frequency change was calculated
though it was simply the result of an increase in the thickn
of the crystal.

D f r5F 22 f r0
2

AArqGq
GDmq , ~1!

whereD f r is the change in resonance frequency due to
added mass;f r0 is the resonance frequency of the unload
resonator;rq and Gq are the density and shear modulus
quartz, respectively; andA is the surface area of the reson
tor. From this relation the sensitivity of the QCM was pr
dicted and subsequently experimentally verified to
'10212g.1 This treatment is rigorously valid only for infini
tesimally thin films that have an acoustic impedance~for
shear waves! close to that of quartz, conditions that are a
proximated well by fairly rigid, firmly attached thin films.

There have been several extensions of Sauerbrey’s
neering work including more realistic descriptions of the
fluence of the sample layer, such as incorporation of
effects of shear waves propagating in the attached sam
medium and thus the inclusion of its mechanical propert
Working equations have been obtained for the followi
cases: the crystal and attached rigid layer~Stockbridge!,39

crystal immersed in a viscous medium of infinite exte
~Kanazawa!,10,11 and crystal and attached viscoelastic lay
~Miller,40 Benes,41,42 Johannsmann,13 Kanazawa,14
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Nwankwo43!. An important case for which no predictions a
available to date is that of the crystal with attached viscoe
tic sample layer immersed in a second viscoelastic bath
dium. The influence of the surrounding medium is evide
when the QCM is used in liquid systems; the combination
a viscoelastic sample layer plus surrounding viscoelastic b
medium can exhibit even more complex behavior. At typic
QCM operating frequencies, many liquids are viscoelasti

There have been treatments of the QCM with an
tached layer that employ electroacoustic analogies toge
with transmission line theory.44 There also is a treatment o
the electrical behavior of a layered piezoelectric resonato41

These approaches led to formal solutions that in princi
could be applied to the cases considered here, but inter
tation of the results is complicated.

This article presents a rigorous derivation of the char
teristic mechanical impedance acting on a quartz reson
~simple shear deformation! due to an attached viscoelast
sample layer and a surrounding viscoelastic bath med
which enables quantitative evaluations of the various sim
fications and approximations employed previously in t
analysis of QCM data. This impedance, together with
simple harmonic oscillator approximation of a quartz reso
tor, is used to examine QCM resonance frequency beha
as a function of the viscoelastic properties of sample a
surrounding media to determine the conditions under wh
resonance frequency shifts, together with the usual sim
analysis approaches, can and cannot provide sample m
determinations. The included theoretical predictions for
spatial variation of the velocity and velocity gradie
throughout the sample layer show the origins of the even
failure of simpleD f /mass relationships.

SPATIAL VARIATION OF VELOCITY AND VELOCITY
GRADIENT

Since the crystal-induced strains in the sample are g
erally very small, the analysis presented here assumes
the sample layer and the surrounding medium exhibit lin
viscoelastic behavior.5,7,45 For steady-state, sinusoidall
time-varying simple shearing deformations, either medium
describable in terms of its density and either its comp
shear modulusG* or its complex viscosityh* .

G* 5G81 iG95GMe1 id,
~2!

h* 5
G*

iv
5h82 ih95hMe2 if,

whereG8 or h9 describe energy storage andG9 or h8 de-
scribe energy dissipation in the media. Time varying she
ing deformations of viscoelastic media give rise to propag
ing shear waves. For freely propagating sinusoidally ti
varying plane shear waves, the medium displacementj is of
the form j5jMei (vt6gx) where g is the complex wave
propagation factor which is related to the viscoelastic pr
erties and density of the medium in which the waves
traveling.46–48

g5~b2 ia!5S 2 ivr

h* D 1/2

, ~3!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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11194 J. Chem. Phys., Vol. 111, No. 24, 22 December 1999 C. C. White and J. L. Schrag
wherev is the radian frequency andr the density.b is re-
lated to the shear wavelengthls and a specifies the spatia
attenuation of the wave.46–48

b5
2p

ls
5Avr

hM
cos@~p/4!2~f/2!#, ~4!

a5Avr

hM
sin@~p/4!2~f/2!#. ~5!

The anglef of the complex viscosity is readily specified
terms of a and b (tanf5(h9/h8)5@(b/a)2(a/b)#/2, or
tan(d/2)5a/b).46,47,49Thus, for a perfectly viscous medium
(f50°), a5b; for a perfectly elastic material (f590°),
a50. For convenience when assessing QCM behavior in
following sections, Fig. 1 presents a plot ofr1/2ls vs. fre-
quency for a wide range of viscoelastic properties so t
values ofls can be readily estimated.

The two-media case being considered here is illustra
in Fig. 2. A driving surface atx52D represents the crysta
surface of a QCM in contact with the sample layer; the
terface between the sample and the surrounding viscoel
medium is atx50. Thus, medium 1~sample layer! has a
thicknessD while medium 2 is assumed to be effective

FIG. 1. r1/2ls vs. f for plane shear waves as a function of the viscoela
properties of the medium. Solid line: Purely viscous limit; dashed li
purely elastic limit; gray area corresponds to values off between 0° and
90°.

FIG. 2. Model system for which velocity and velocity gradient spatial p
files in the sample layer and surrounding medium and the characte
impedance~at x52D) have been obtained.
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infinite in extent in the1x direction. Steady state condition
are assumed; the velocity of the driving surface atx52D is
taken to be

j̇ds* 5 j̇0eivt, ~6!

wherej̇ds* is in they direction. For a sufficiently large driving
surface area this will, in general, lead to plane shear wa
propagating in these media. Initially, the moving driving su
face would produce a plane shear wave propagating in
1x direction; the interface between the two media atx50
would then give rise to a reflected wave traveling in the2x
direction in medium 1 and a transmitted wave propagat
(1x direction! in medium 2. Many repetitions of this atx
50, and subsequent reflections atx52D, lead to a resultant
steady-state wave field that can be represented in term
three waves A, B, and C, as shown. The A wave repres
the sum of all waves propagating in the1x direction in
medium 1; the B wave, the sum of all waves propagating
the2x direction in the same medium. The C wave represe
the sum of all waves propagating in the1x direction in
medium 2~no reflected waves!. Shear waves generally sho
rapid spatial attenuation except in highly elastic media; th
the assumption of no reflected waves in medium 2 fr
sample container walls is generally an excellent approxim
tion at QCM frequencies even for small containers.~In wa-
ter, 5 MHz shear waves attenuate by a factor of 2.93105 in
a distance of 8mm.! In the following, all parameters tha
relate to medium 1 or medium 2 carry the subscript 1 or
respectively.

The spatial variation of the velocityj̇* in medium 1 is
given by:

j̇* 5Āe1 i ~vt2g1x!1B̄e1 i ~vt1g1x! for 2D<x<0, ~7!

and in medium 2 by

j̇* 5C̄e1 i ~vt2g2x! for x>0, ~8!

where the amplitude coefficientsĀ,B̄,C̄ are, in general, com-
plex, as are the propagation coefficientsg i . The shear rate
ġxy* is given by50

ġxy* 5S ]j̇y

]x
1

]j̇x

]y
D . ~9!

However, sincej̇ has only ay component, the shear rate an
the velocity gradientg* ~x direction! are identical (ġxy*

5]j̇y /]x5g* ). Thus, from here on,g* is used in place of
ġxy* to simplify notation~all g’s will be complex propagation

coefficients!. The unspecified coefficientsĀ, B̄, and C̄ are
evaluated by employing appropriate boundary conditio

~see Appendix!. The resulting expressions forj̇* andg* in
media 1 and 2 are:

c
:

-
tic
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TABLE I. Three categories of thin sample layer/surrounding bath media illustrating three distinct applications regimes for quartz crystal microlances
~frequencies assumed to be in the range from 53105 to 53106 Hz.)a

Sample
layer

Bath
medium

h1M

~Poise!
h2M

~Poise!

a1

b1

a2

b2

approx.
b1 /b2

Comments on Evaluation of Sample
Layer Thickness

Thin metal
layer

air
or

vacuum

>104 >231024 <0.001 1 0.01
to

0.5

Simple Sauerbrey analysis applies unless sample
layer thickness is very small. Althoughb1 /b2 is
large,Xm

s from bath is very small since
r2 is <0.001 g/cm3 @see Eq.~27!#.

Thin metal
layer

water >104 0.01 <0.001 1 <0.005 Sauerbrey type analysis usually applies unless
sample layer is very thin, in which case medium 2
contribution usually can be treated as additive
~see summary!, but each case should be evaluated
carefully.

Thin glassy
polymer
layer

water >53102 0.01 <0.02 1 <0.008

Thin
rubbery
polymer
layer

water >2 0.01 >0.5 1 <0.1 Significant deviation from simple Sauerbrey type
behavior is common. Full impedance treatment is
usually necessary.

aReferences 45, 53, 54.
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medium 1:

j̇* 5
j̇0@P2 iQ#

@E1 iF #
eivt

5
j̇0@P21Q2#1/2

@E21F2#1/2 ei @vt2tan21~Q/P!2tan21~F/E!#

for 2D<x<0, ~10!

and

g* 52
j̇0g1@K1 iL #eivt

E1 iF

5
j̇0b1@11~a1 /b1!2#1/2@K21L2#1/2

@E21F2#1/2

3ei @vt2p/22tan21~a1 /b1!2tan21~L/K !2tan21~F/E!#

for 2D<x<0; ~11!

medium 2:

j̇* 5
j̇0@J1 iN#

@E1 iF #
eivt

5
j̇0@J21N2#1/2

@E21F2#1/2 ei @vt1tan21~N/J!2tan21~F/E!#

for x>0, ~12!

and

g* 5
j̇0g2@J1 iN#eivt

@E1 iF #

5
j̇0b1@11~a1 /b1!2#1/2@J21N2#1/2

@E21F2#1/2

3ei @vt1~p/2!2tan21~a1 /b1!1tan21~N/J!2tan21~F/E!#

for x>0, ~13!
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
whereE,F,J,K,L,N,P, andQ are defined in the Appendix. Fo
graphical simplicity, the spatial variation of a normalize
velocity is examined when exploring the spatial motion
variation in the sample layer.

j̇*

~ j̇* !x52D

5
j̇*

j̇0eivt

5
@P21Q2#1/2

@E21F2#1/2
ei @2tan21~Q/P!2tan21~F/E!#

5MeiC for 2D<x<0. ~14!

Three basic categories of sample layer/surrounding bath
dium have been selected to illustrate distinct behaviors ty
cally seen in many QCM applications: metal sample lay
water, glassy polymer sample layer/water, and rubb
polymer sample layer/water. Table I lists typical mater
parameter ranges for these cases. Also shown are brief s
mary comments on analysis approaches needed for t
cases. The influence of viscoelastic bath media is addre
later.

Illustrations of the spatial variation ofM andC in layer
1 are shown in Fig. 3 for an unusual metal layer/water c
with sample layer thicknessb1D51 (b1D specifies thick-
ness in units of wavelength, a reduced variable format t
eliminates the need to specifyh1M of layer 1! which corre-
sponds to a layer perhaps ten times thicker than is typic
encountered (D>0.16lS). The influence of the surroundin
medium is specified byb1 /b2 ~ratio of the shear wave
lengths for the two media!: 0.001 corresponds to a worst ca
metal layer/water interface (h1M /r1 only 106 times larger
thanh2M /r2). These values ofb1D andb1 /b2 were chosen
to represent a worst case extreme; note that medium
purely viscous.~A typical thin layer of metal on a QCM
surrounded by air would correspond tob1D<0.01 and
b1 /b2<0.000 01. An extracellular polymer produced b
bacteria and adsorbed onto the surface of a QCM proba
corresponds tob1D<1 and b1 /b2<0.1.) If the sample
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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layer ~layer 1! were behaving like a perfectly rigid materia
M would equal 1 andC would equal 0° throughout layer 1
The left side of the plots (2b1x5b1D) corresponds to the
QCM driving surface, and the right side of the plot (b1x
50) to the interface between medium 1 and medium 2.
this layer thickness,M varies substantially; it can be great
or less than one depending on the viscoelastic characte
the layer. Note that since tanf5@(b1 /a1)2(a1 /b1)#/2 or
tan (d/2)5(a1 /b1), the quantitya i /b i can be thought of as
a ‘‘viscoelastic ratio’’ for mediumi. Clearly medium 1 is not
approximating rigid layer behavior. The angleC shows up to
a 50° shift for a purely viscous sample layer (a1 /b151),
and even for a highly elastic layer (a1 /b150.01, not shown!
there is still a 1° shift. Thus, for thick layers, assuming rig
sample layer behavior frequently will introduce considera
error. For more typical applications of the QCM (b1D
50.1, b1 /b250.001),M varies by 0.52% at most through
out the sample, whileC varies by 0.6° at most, closely ap

FIG. 3. ~a! Magnitude~M! of normalized velocity vs. reduced variable po
sition (b1X) in thick sample layer in contact with purely viscous seco
~bath! medium of much lower viscosity (h1M /h2M5106). Moving surface
at b1x521; interface between two media atb1x50. ~b! Relative phasing
~C! of normalized velocity vs. reduced variable positionb1x in thick
sample layer in contact with purely viscous second bath medium of m
lower viscosity (h1M /h2M5106). Moving surface atb1x521; interface
between two media atb1x50.
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
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proximating rigid layer behavior. If the two media are clos
in mechanical properties (b1 /b250.1,b1D50.1), M varies
by up to 1% throughout the sample andC varies by up to
1.2°, showing a small but now significant influence of t
second layer. Thus, as shown later, when the applied lay
is thin (b1D<0.1 corresponding toD<0.0159l1), and the
difference in mechanical properties between layer 1 a
layer 2 is large (b1 /b2<0.001), the application of simple
Sauerbrey-type expressions relating the change in la
thickness to change in resonance frequency can be empl
with minimal error. As the layer thickness becomes larg
there will be significant deviations from rigid layer behavio
and differences in the viscoelastic nature of the sample la
can result in dramatically different spatial variations of t
reduced velocity.~The velocity distribution within a sample
layer probably cannot be experimentally determined fo
typical QCM.!

MECHANICAL IMPEDANCE AT THE DRIVING
SURFACE

The velocity and velocity gradient expressions presen
above reflect actual motions in the sample layer. The ef
of these motions is to exert forces on the driving surfa
which lead to the changes in resonance frequency usu
monitored for QCMs. A particularly convenient way to e
amine these effects is to consider the mechanical impeda
at the driving surface of the QCM due to the presence
media 1 and 2; this impedance is affected by the spa
variation of motion in the sample layer and in the seco
medium. In contrast to the spatial distribution of the veloc
and velocity gradient in the sample layer, this impedance
be determined experimentally.~Recall that for an ideal mov-
ing mass the mechanical impedanceZM5RM1 iXM would
be ZM5 iXM5 ivM .)

The effect of layer 1 and the surrounding bath mediu
~layer 2! on QCM behavior is conveniently explored in term
of the complex characteristic impedanceZm

s 5Rm
s 1 iXm

s ~im-
pedance per unit area!. For the experimental configuration o
Fig. 2, the characteristic impedance acting on the driv
surface is given by

Zm
s 52

h1* g*

j̇*
U

x52D

. ~15!

Substitution of Eqs.~10! and ~11! into ~15! yields

Zm
s 52

h1* g1@K1 iL #

@Q1 iP#
, ~16!

from which

Rm
s 5uZm

s ucosF2f12tan21S a1

b1
D1tan21S L

K D2tan21S Q

P D G ,
~17!

and

Xm
s 5uZm

s usinF2f12tan21S a1

b1
D1tan21S L

K D2tan21S Q

P D G ,
~18!

h
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where

uZm
s u5

h1Mb1@11~a1 /b1!2#1/2@K21L2#1/2

@P21Q2#1/2 . ~19!

These equations reduce to known expressions for
cific cases: the general case of gap widthD where the driving
surface is atx52D and a fixed reflector is atx50,51,46 and
two limiting cases of this configuration that are frequen
used in rheological instruments: the ‘‘gap loading’’ limit fo
which the gap width is infinitesimal,46,45 and the ‘‘surface
loading’’ limit for which the gap width is effectively infinite
~driving surface atx52D but effectively no reflecting
surface!.51,45,52 The details of these comparisons are p
sented elsewhere.33

To obtain a universal plot format, a reduced characte
tic mechanical impedance (Zm

s )N has been obtained by divid
ing the characteristic mechanical impedance@Eq. ~16!# by
Avr1h1M so that there is no need to specify the magnitu
of the complex viscosity or density of the sample layer or
working frequency of the specific experimental setup be
considered. (h1Mb1@11(a1 /b1)2#1/2e2 i @f11tan21(a1 /b1)#

5Avr1h1Me2 i @(f1/2)1(p/4)#.) The components of the re
duced characteristic impedance are given by

~Rm
s !N5

@K21L2#1/2

@P21Q2#1/2

3cosF2
f1

2
2

p

4
1tan21S L

K D2tan21S Q

P D G ,
~20!

~Xm
s !N5

@K21L2#1/2

@P21Q2#1/2

3sinF2
f1

2
2

p

4
1tan21S L

K D2tan21S Q

P D G .
~21!

These reduced real and imaginary impedance compon
have been examined for a variety of conditions.

Three different ways of examining characteristic impe
ance predictions have been explored. The first is prese
here; the other two are described and observations noted
the details are presented elsewhere.33 In the first approach,
reduced characteristic impedance components are exam
as a function of layer 1 thickness, again expressed in term
b1D; Figs. 4 and 5 show results for two ranges ofb1D
(b1D<2.0 andb1D<0.3) representing ranges for thick an
thin sample layers. A second approach is to evaluate
characteristic impedance divided by the characteristic imp
ance if only layer 1 were present; this format sensitiv
reflects changes due to the presence of the surrounding
medium ~‘‘layer 2’’ !. A third approach is to evaluate th
characteristic impedance divided by the characteristic imp
ance if only the bath medium were present; this forma
particularly sensitive to the changes due to the presenc
the attached sample~layer 1!.

Predicted values of the real (Rm
s )N and imaginary (Xm

s )N

components of the reduced characteristic mechanical im
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
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ance versus sample layer thickness when a purely visc
second bath medium is present are shown in Figs. 4 an
the different curves are for different values ofa1 /b1 and
thus reflect changes caused by changes in the ‘‘viscoela
ratio’’ for medium 1. The effect of the second medium

FIG. 4. ~a! Real part (Rm
s )N of the reduced characteristic mechanical impe

ance at the drive surface (x52D) vs. b1D for various values of the ‘‘vis-
coelastic ratio’’a1 /b1 for a large range of sample layer thickness; seco
medium purely viscous withh1M /h2M5106 ~second medium contribution
small!. ~b! (Rm

s )N at x52D vs. b1D for various values ofa1 /b1 for a
small range of sample layer thickness; second medium purely viscous
h1M /h2M5106 ~second medium contribution small!. Inset shows thin layer
region of plot.~c! (Rm

s )N at x52D vs.b1D for various values ofa1 /b1 for
a small range of sample layer thickness; second medium purely viscous
h1M /h2M5102 ~second medium contribution substantial!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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moderately small in Figs. 4~a! and 4~b! since b1 /b2

50.001 which corresponds toh1M /h2M'106, a lower limit
for the case of a metal sample layer with water as the
rounding second medium. If the sample layer~medium 1!

FIG. 5. ~a! Imaginary part (Xm
s )N of the reduced characteristic mechanic

impedance at the drive surfacex52D vs. b1D for various values of the
‘‘viscoelastic ratio’’ a1 /b1 for a large range of sample layer thicknes
second medium purely viscous withh1M /h2M5106 ~second medium con-
tribution small!. ~b! (Xm

s )N at x52D vs. b1D for various values ofa1 /b1

for a small range of sample layer thickness; second medium purely vis
with h1M /h2M5106 ~second medium contribution small!. Also included are
two points for specific layer 1 thickness and material properties values~see
text!. ~c! (Xm

s )N at x52D vs. b1D for various values ofa1 /b1 for a small
range of sample layer thickness; second medium purely viscous
h1M /h2M5102 ~second medium contribution substantial!.
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
r-

were behaving rigidly~simple added mass!, (Rm
s )N would be

only that contributed by the second medium~a constant!, and
(Xm

s )N would increase linearly with increasingb1D. As ex-
pected, Fig. 4~a! shows that (Rm

s )N is not zero, and that it
exhibits a maximum when the layer 1 thickness is one fou
the shear wavelength (b1D51.57). However, the range o
this plot corresponds to larger sample layer thicknesses
are typical for QCMs as usually operated.@Although not
shown here, there is an increased broadening and depre
of this peak asb1 /b2 increases (h2M /h1M increases!,
caused by the increased energy dissipation; thus increa
b1 /b2 produces an even greater deviation from a sim
mass-like impedance. Thus, (Rm

s )N becomes significant re
gardless of the value ofa1 /b1 asb1 /b2 increases.#33

A more typical range of sample layer thicknesses is t
of Fig. 4~b!; here a small but nonzeroy intercept is observed
caused by the small but finite impedance of the second la
which increases with increasingb1 /b2 . The closer the slope
of the (Rm

s )N is to zero, the closer layer 1 mimics rigid be
havior. The effect of medium 2 is seen in both the inset
Fig. 4~b! and in Fig. 4~c! where for very small medium 1
thicknesses (Rm

s )N is a function ofa1 /b1 and is independen
of b1D even if medium 1 is perfectly elastic (a1 /b150);
(Rm

s )N also depends ona2 /b2 , of course.
The (Xm

s )N predictions for the conditions of Fig. 4 ar
shown in Fig. 5; in Figs. 5~a! and~b! the intercepts are nearl
zero sinceb1 /b250.001, and there is a nearly linear depe
dence of (Xm

s )N on b1D for b1D,0.3 ~slope depending on
a1 /b1). A linear dependence of (Xm

s )N on b1D would cor-
respond to rigid mass-like behavior of the sample layer as
as (Xm

s )N is concerned. The behavior of layers witha1 /b1

,0.4 is markedly different whenb1D.0.6, reminiscent of
what was seen in the corresponding (Rm

s )N plots. Figure 5~b!
illustrates predicted (Xm

s )N behavior for smallerb1D values
which correspond to more typical QCM operating con
tions. The dependence of (Xm

s )N on b1D is nearly linear for
anya1 /b1 value, and the slope depends ona1 /b1 ; note that
the slope depends ona1 /b1 even when the sample laye
exhibits rigid mass-like behavior because of the redu
variable (b1D) thickness format. Thus, when one calculat
the impedance for a layer of specific thicknessD for purely
elastic and purely viscous cases, the (Xm

s )N values are very
similar since when one changes the viscoelastic ratio (a/b)
the specific value ofb also changes. This is not directl
reflected in these figures. Thus, for example, for a pur
elastic sample layer (a1 /b150.0) with D55 mm, f
55 MHz, b1 /b250.001, r15r251.0 g/cm3, and h1M

5100P, the b1D50.280 and (Xm
s )N is 0.29 @j on Fig.

5~b!#; if the same layer were purely viscous (a1 /b151.0),
thenb1D50.198, and (Xm

s )N is 0.28@l on Fig. 5~b!#. Thus
for this specific case the maximum error in (Xm

s )N due to
neglecting the viscoelastic ratio of layer 1 is about 3%. F
largerb1 /b2 this error will increase. For largerb1 /b2 they
intercepts of (Xm

s )N vs. b1D also become significant as th
effects of the second medium become important; again t
are a function ofa1 /b1 @see Fig. 5~c!# and a2 /b2 ~not
shown!. Similar behavior was seen for the intercepts for t
(Rm

s )N plot @Fig. 4~c!#; however, the changes in the intercep
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for the (Xm
s )N curves of Fig. 5~c! are quite significant since

(Xm
s )N directly affects the QCM resonance frequency. Th

these intercept shifts should be assessed for a specific ex
ment before employing simplified working equations for
QCM; the intercept is a function ofb1 /b2 , a1 /b1 ~illus-
trated below!, anda2 /b2 so that knowledge of the mechan
cal properties of both layers may be necessary in orde
determine the sample layer thickness.

The cases considered so far have assumed that medi
is purely viscous. The general impedance expression@Eq.
~16!# enables for the first time an evaluation of the effect
a viscoelastic bath medium. To illustrate the effect of a v
coelastic second medium for representative values of
other variables, the case wherea1 /b1 is 0.4 andb1 /b2 is
0.01 is shown. The focus is on smallb1D(b1D<0.1), i.e.,
typical QCM conditions where one might expect Sauerbr
type relations to hold. Figure 6~a! shows (Rm

s )N vs. b1D for
this specific case; changing the ‘‘viscoelastic ratio’’a2 /b2

of the second layer causes a substantial vertical shift@a non-
zero (Rm

s )N is a deviation from an ideal mass-like impe

FIG. 6. ~a! (Rm
s )N at x52D vs. b1D for various values ofa2 /b2 for a

small range of sample layer thickness; fairly elastic layer 1 with sec
medium of lower complex viscosity magnitude (h1M /h2M5104) ~second
medium contribution substantial!. The effect of changing the ‘‘viscoelasti
ratio’’ for layer 2 is shown.~b! (Xm

s )N at x52D vs.b1D for various values
of a2 /b2 for a small range of sample layer thickness; fairly elastic laye
with second medium of lower complex viscosity magnitude (h1M /h2M

5104) ~second medium contribution modest!. The effect of changing the
‘‘viscoelastic ratio’’ for layer 2 is shown.
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
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s )N , shown in Fig. 6~b!, there is again a ver-

tical shift, which is a function ofa2 /b2 ; if the second
medium is perfectly elastic, no vertical shift is seen in th
range ofb1D ~no shift in the QCM resonance frequenc
caused by bath medium!. Thus, the contribution to (Xm

s )N

from the second medium is dependent on the value
a2 /b2 . Note that in many cases this vertical shift could
determined experimentally from the difference in resona
frequency for the bare crystal vs. the crystal immersed in
second medium~no sample layer! if b1D is sufficiently
small. However, if the first layer is sufficiently thick or fairl
lossy, this approach will not yield the correct offset fr
quency.

Figure 6 illustrates a case where changing the viscoe
tic properties~the ‘‘viscoelastic ratio’’a2 /b2) significantly
affects the characteristic impedance; however, a differ
type of plot~Fig. 7! is needed to illustrate the transition from
Sauerbrey-type to generalized impedance behavior, and
the extreme limiting behavior seen ash2M /h1M becomes
very large. Figure 7 illustrates the remarkable changes
(Xm

s )N that occur asb1 /b2 is varied ~recall that (b1 /b2)
5(l2 /l1) 5 @(r1 /r2)(h2M /h1M)#1/2•cos@(p/4)2(f1/2)#/
cos@(p/4)2(f2/2)#) for a case where the layer 1 thickness
sufficiently small that Sauerbrey-type equations would ap
if no second medium~bath! were present. The plots show
are for an operating frequency of 6 Mhz, a reduced laye
thicknessb1D50.001 942, an actual layer 1 thicknessD
510mm, and densitiesr15r251.00 g/cm3 for the four lim-
iting cases for the viscoelastic properties of the two laye
both layers viscous@(a1 /b1)5(a2 /b2)51#, both layers
elastic@(a1 /b1)5(a2 /b2)50#, layer 1 viscous with layer
2 elastic, @(a1 /b1)51, (a2 /b2)50], and layer 1 elastic
with layer 2 viscous@(a1 /b1)50, (a2 /b2)51]. ~Note that
the curves for which layer 1 is elastic are forh1M51.0

d

FIG. 7. Imaginary part (Xm
s )N of the reduced characteristic mechanical im

pedance at drive surface (x52D) vs. b1 /b2(5l2 /l1) for a specific case:
b1D50.001 942, D510mm, r15r251 g/cm3, f r

0563106 Hz. Curves
shown correspond to limiting cases~viscous and elastic limits! for media 1
and 2. For viscous layer 1,h1M553106P; for elastic layer 1,h1M51
3107P. For smallb1 /b2 , second medium has negligible effect; for inte
mediate (b1 /b2), second medium has major influence that depends stron
on ‘‘viscoelastic ratios’’ of both sample and bath media.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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3107 poise, and the curves for which layer 1 is viscous
for h1M553106 poise to keep b1D constant
for all four cases.! Thus for this figure (b1 /b2)5(h2M /
h1M)1/2 • @0.707 to 1.414# so that (b1 /b2)2 is approximately
equal toh2M /h1M . Thus this plot illustrates the onset o
deviations from the simple Sauerbrey limit~left side of the
figure! caused by the second medium ash2M /h1M becomes
sufficiently large. The expanded-scale inset shows that
initial deviations from the Sauerbrey limit occur at ve
small b1 /b2 values if layer 2 is viscous@'5% deviation in
(Xm

s )N at (b1 /b2)5231024, or (h2M /h1M)'431028]; if
layer 2 is elastic,.5% deviation in (Xm

s )N occurs atb1 /b2

5431022 if layer 1 is viscous and atb1 /b250.2 if layer 1
is elastic. Thus knowledge of the ‘‘viscoelastic ratio
(a2 /b2) for the second medium is crucial here in order
determine the sample layer thickness unless (b1 /b2) is less
than 1024. The behavior is more complicated than this mig
suggest, however. Ifh1M is changed significantly, thes
curves shift in surprising ways. If layer 2 is viscous, t
value of b1 /b2 at which 5% deviation is seen shifts a
(h1M)1/2; if layer 2 is elastic, the 5% deviation point occu
at the sameb1 /b2 for all h1M if h1M is 1000 poise or
greater.

From more extensive analyses of the characteristic
pedance, it is evident that employing the usual simplifi
working equations introduces error, but this error is f
quently negligibly small for many current QCM exper
ments. The magnitude of this error for specific experimen
conditions being employed should be calculated before
ploying the simple working equations unlessb1D and
b1 /b2 are sufficiently small~see summary!. Figures 3–7
demonstrate that knowledge ofb1 /b2 and the ‘‘viscoelastic
ratio’’ for both layer 1 and layer 2 frequently are necess
to correctly determine sample layer thickness.

PREDICTION OF SAMPLE-INDUCED RESONANCE
FREQUENCY SHIFTS FOR A SIMPLIFIED QCM
MODEL

In the previous sections, expressions for the spa
variation of the medium velocity in either layer and the im
pedance sensed at the crystal surface have been prese
Although this impedance is experimentally accessible, i
not usually measured. To help provide a link to what is co
monly measured~the resonance frequency shift due to me
1 and 2!, we assume a simple harmonic oscillator mod
representation for the quartz crystal. Impedance express
can then be employed to predict the change in resona
frequency that would be observed due to media 1 and 2

In traditional applications of QCMs, the change in res
nance frequency due to the sample and surrounding med
is measured. This shift is then analyzed assuming that
applied film is rigid, and that the effect of the surroundi
medium is simply to cause a constant frequency shift t
can be subtracted to obtain the frequency shift due only
the sample layer. Here the introduction of the simple h
monic oscillator~SHO! model of the QCM crystal makes
most convenient to evaluate the influence of the sample la
and surrounding bath medium on the resonance frequenc
terms of actual sample thickness~mm! rather than the re-
Downloaded 19 Apr 2002 to 129.6.104.125. Redistribution subject to A
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duced variables format of Figs. 3–7; thus the frequency s
results are presented in a less universal but more recog
able format.

The use of SHO modeling of the crystal behavior rep
sents a balance between mathematical tractability and
tailed physical description. In this modeling there is no d
scription of the spatial variation of the crystal displaceme
within the crystal, and no prediction of the mechanicalQ to
be expected for the bare crystal. However, predictions
much more complete physical models of the crystal itself
already available;14 comparisons among existing theoretic
predictions for physically realistic crystal models and t
results for the simpler SHO crystal model presented h
have been performed enabling a quantitative assessme
the small error associated with the SHO-based prediction
the QCM resonance frequency shifts induced by the sam
and surrounding bath media. Two potential sources of sm
error when employing the SHO model are the shift in t
nodal plane in the crystal with the addition of sample~layer
1! and surrounding medium if only one side of the crystal
loaded~this effect has been ignored since if both sides of
crystal are equally loaded, no nodal plane shift occurs!, and
the very small energy loss associated with the piezoelec
effect itself~also ignored!. The negligibly small errors result
ing from neglecting these effects are discussed later.

A simple harmonic oscillator picture has been applied
link the motion of the driving surface of the quartz resona
to the crystal resonance frequency and the mechanical
pedance due to the sample layer and surrounding med
The resonance frequency without sample,f r

0, is given by

f r
05

1

2p
AK

M
5

1

2h
AGq

rq
, ~22!

where K is now the effective ‘‘crystal spring constant
which is approximately (p2/2)(GqA)/h,Gq the shear modu-
lus of quartz (3.0931012dynes/cm2), A the crystal drive sur-
face area, andh the thickness of the crystal (h50.108 cm for
5 MHz crystals!. M, the effective moving mass of the equiva
lent simple harmonic oscillator, is approximatelyrqAh/2,
wherer is the density~2.648 g/cm3! of the quartz~assumes
that the nodal plane of the quartz crystal is always at
geometric center; this is strictly correct only when both sid
of the crystal are loaded identically!. With sample and sur-
rounding medium present, Eq.~22! becomes52,45

f r52
AXm

s

4pM
1AS AXm

s

4pM
D 2

1~ f r
0!2, ~23!

whereXm
s is the imaginary component of the characteris

mechanical impedance due to the presence of the sam
layer and surrounding bath medium. ThusD f r[ f r2 f r

0 can
be written as

D f r52
f r

0Xm
s

pArqGq

1AS f r
0Xm

s

pArqGq

D 2

1~ f r
0!22 f r

0

52
Xm

s

2prqh
1AS Xm

s

2prqh
D 2

1~ f r
0!22 f r

0. ~24!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Equation~24! together with Eq.~18! for Xm
s enables calcula-

tion of D f r as a function of medium 1 thickness D~in cm!,
the a/b ratios for the two media, and the magnitude of t
complex viscosity coefficients~in poise! for both media. Al-
though Eq.~18! specifiesD f r in terms of all five variables, in
most applications the second~surrounding! medium has usu-
ally been a low viscosity, viscous fluid. For this reason
second medium is assumed to be a waterlike fluid for
example calculations shown.

To evaluate the precision of the SHO treatment of
crystal motion, comparisons with existing theoretical pred
tions based on more detailed models of the crystal have b
performed. There are three analyses that are particularly
ful: predictions for a crystal surrounded by a viscous m
dium, for a Sauerbrey type model of the same crystal w
attached rigid layer, and for the crystal with an attached v
coelastic sample layer. The combination of Eqs.~24! and
~18! reduces to known relations for the first two cases.33

The third and most thorough test of the present mode
obtained by comparison with the detailed model
Kanazawa.14 He evaluated the shear wave field within bo
the crystal resonator and an applied viscoelastic sam
layer; the crystal is assumed to be perfectly elastic, and
piezoelectric properties of the quartz are explicitly includ
~produces a small increase in the shear modulus of
quartz!. Thus his treatment rigorously models the behavior
the crystal and one applied sample layer; the two assu
tions ~no shift of nodal line position and no piezoelectr
loss! employed in our treatment were not employed
Kanazawa.

Kanazawa denotedb/a asQ; he varied theb/a ratio for
the sample layer by keepingG8 constant and varyingh8 as
needed to achieve a specificQ value.14 He then obtained
plots ofD f r vs. D for a series of differentQ values for layer
1. To facilitate comparisons between our results and thos
Kanazawa, it is convenient to expressa andb in terms ofh8
and G8 rather thanhM and f as in Eqs.~4! and ~5!. One
obtains

b5vA r

2G8

FA11S vh8

G8
D 2

11G 1/2

A11S vh8

G8
D 2

~25!

and

a5vA r

2G8

FA11S vh8

G8
D 2

21G 1/2

A11S vh8

G8
D 2

. ~26!

Figure 8 illustrates the very good agreement obtained
tween Kanazawa’sD f r predictions14 and these of the presen
rigorous impedance analysis combined with our SHO-ba
approximate modeling of the crystal. Note that these p
are such that the wavelength of shear waves in the sam
layer is different for each of theQ values plotted in Fig. 8.
~To obtain this comparison Eqs.~18! and ~24! were em-
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ployed with h2 , r2⇒0 so thatH* ⇒21.) Note that there
are small but distinct discrepancies for smallQ; these differ-
ences appear to be related to the nodal plane shift in
quartz ~here only one side of the crystal was loaded!. The
smaller discrepancies for the large values ofQ are possibly
due to the piezoelectric stiffening effect. Thus, Fig. 8 giv
confidence in the predictive validity~within 2% for D f r with
one side loaded; within 0.5% with both sides loaded
0.15<D<1 mm) of the simple harmonic oscillator descrip
tion of the quartz crystal surface motions.

The combination of the SHO-based model and the g
eralized characteristic mechanical impedance enables ca
lation of the D f r due to the sample layer and surroundi
bath medium. Evaluation ofD f r vs. D provides a third for-
mat for determining the range of Sauerbrey-type work
equations. The major disadvantage of this format is tha
requires specifying the physical properties of the sam
layer and surrounding medium as well as various instrum
tal parameters; hence the predictions are specific to a par
lar set of experimental conditions. Here properties were
lected that approximate many current experimentsf r

0

55 MHz, A50.317 cm2, a2 /b251.0,h2M50.01P, r25r1

51 g/cm3). Layer 1 thickness is in units of length~D! in-
stead of wavelength (b1D).

Figure 9 illustrates the effect of changing the compl
viscosity magnitude,h1M , of the sample layer, assuming
to be perfectly elastic (a1 /b150!; medium 2 is assumed to
be purely viscous, withh2M50.01P ~waterlike!. Large de-
viations from simple mass-like behavior~Sauerbrey model;
D f r}D) for layer 1 are apparent for thick layers whenh1M is
lower than about 1000P. Note that the deviations from
Sauerbrey-type behavior occur at different specificD values
for attached layers with differenth1M values, but the devia-
tions begin at similarb1D values. ~Significant deviations
occur at about 5mm for the h1M5100P case which corre-
sponds tob1D>0.28; for theh1M51000P case the same
deviation occurs at about 12mm or b1D>0.26; these points
are marked on the figure.!

FIG. 8. D f r vs. D due to sample layer only~no layer 2!. Kanazawa model:
solid lines. Impedance/SHO model: dashed lines. DifferentQ values corre-
spond to different sample properties and thus to different shear wavelen
in sample~see text!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Figure 10 illustrates deviations from simple rigid-lay
behavior for sample layers with differing values ofa1 /b1 .
Again, medium 2 properties are waterlike. There is sign
cant deviation forb1D>0.28; values for the frequency shi
that are greater than or less than that for rigid layer beha
~solid line! are observed depending on the value ofa1 /b1 .
Here it would be necessary to know thea/b ratios for both
media andb1 /b2 when assigning a thickness to the sam
layer based on the frequency shift ifb1D is greater than
about 0.06.

These representative plots of predictedD f r behavior
only reflect changes in the resonance frequency, and thu
the imaginary component,Xm

s , of the characteristic imped
ance; in actual experiments the real component,Rm

s , will
cause the observed motional resonance peak to broaden
the peak height to decrease in amplitude. If the drive e
tronics are such that the QCM is driven precisely at re
nance, thenXm

s is readily determined fromD f r . However,
many QCM instruments employ simple electronic drive c
cuitry with high gain feedback loops so that piezoelect
noise voltage generates the initial drive signal; no drive
cillator is employed. Any feedback loop has an inherent
nite time delay, so the instruments actually operate at
apparent resonance frequency slightly less thanf r . Thus the
actual drive frequency is such that bothXm

s and Rm
s affect

this apparent resonance frequency; if there is a change inRm
s

only, leading to a change in peak width but no change inf r ,
an apparent resonance frequency shift would be measu
For example, a low frequency~13 kHz! QCM-type instru-
ment being developed at NIST to detect the glassy
rubbery-state transition in a thin polystyrene sample la

FIG. 9. D f r vs. D for perfectly elastic sample layer as function ofh1M .
Medium 2 assumed water-like. Rigid layer~Sauerbrey! prediction shown as
solid line. Onset of significant deviation from rigid layer behavior indicat
for two cases:h1M5100P(b1 /b250.0141), where deviation begins a
b1D>0.28; h1M51000P(b1 /b250.004 47), where deviation begins a
b1D>0.26.
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showed an approximately 3 Hz shift in actual resonance
quency and a change in peak width~full width at half height!
from about 2 to about 7 Hz as the sample went from
glassy to the rubbery state. If a drive circuit were employ
in which the feedback loop was slow enough to introduc
45 deg phase delay~exceptionally large phase shift!, the ap-
parent resonance frequency shift would be approximately
Hz as opposed to the actual resonance frequency shift
Hz, leading to a value ofXm

s and sample layer thicknes
about 60% too large. Thus it is important that the QCM
operating at resonance for Eq.~24! to be valid.45,52

SUMMARY

Most theoretical modeling of QCM experiments has f
cused on extensive and more complete models of the cry
with varying degrees of rigor in treating the effect of a
applied sample layer. This study concentrated on a rigor
description of the effect of an applied viscoelastic sam
layer and surrounding viscoelastic bath medium, and t
included the crystal by means of a somewhat simplifi
model. Since our results agree with the predictions fr
more complete descriptions of the crystal resonator to wit
two percent at worst, a straightforward and sufficiently ac
rate description of a QCM system including crystal, appli
viscoelastic layer, and surrounding viscoelastic medium
now available, and experimentally verifiable predictions c
be readily obtained. This allows for the assessment of e
in the determination of sample layer thickness caused
various simplifications of the rigorous analysis equatio
presented here. Of particular interest is the assessment o
range of validity of the usual Sauerbrey-type analysis
which one assumes:

~a! Xm
s 5vr1D ~Sauerbrey limit; no medium 2 present! so

FIG. 10. D f r vs.D for sample layers with sameh1M but differing degrees of
elastic behavior. Rigid layer~Sauerbrey! limit prediction also shown~solid
line!. Medium 2 assumed to be water-like.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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theD f r due to the sample layer is linearly related to t
sample layer mass and hence its thickness;

~b! if a second~bath! medium is present, it produces
constantD f r8 offset independent of the sample lay
thickness; thisD f r8 offset is then subtracted from th
measured totalD f r to approximate the resonance fr
quency shift due to the sample layer.

Note that this assumes that the frequency shifts that woul
seen for media 1 and 2 individually are simply additive wh
the two media are present simultaneously.

Extensive additional calculations~not shown! have been
carried out in which parameters have been varied widely
cover the ranges in which QCMs might be employed@h1M

andh2M from 102 to 109 poise,b1 /b2 from 1026 to 1011, D
up to 20mm, f r from 1 to 6 MHz,r15r251.0 g/cm3, and
a1 /b1 and a2 /b2 varied independently between 0~elastic
limit ! and 1~viscous limit!#. From these results it is clear tha
if b1D is sufficiently small @(b1D)<0.0628, or (D/l)
<0.01 so that one would be in the Sauerbrey limit if on
layer 1 were present#, andb1 /b2 is sufficiently small@lim-
iting values are (b1 /b2)<0.04 if layer 1 is viscous;
(b1 /b2)<0.2 if layer 2 is elastic#, then Xm

s for the QCM
with sample layer 1, immersed in bath medium 2 is, to
good approximation~less than five percent error!, equal to
the sum of the individual contributions~usual assumption!.
Thus in this regime

Xm
s >~Xm

s !s,11~Xm
s !2

>vr1D1Avr2h2M sin@~p/4!2~f2/2!#, ~27!

and the resultantD f r is given by

D f r.~D f r!s,11~D f r!2

.2
Af r

0

rqh HAf r
0r1D1Ar2h2M

2p
sin@~p/4!2~f2/2!#J ,

~28!

where the subscriptss, 1 denote Sauerbrey limit for layer 1
and 2 denotes bath medium 2. Also, note that in this reg
one does not need to know the viscoelastic properties
either medium since the Sauerbrey limit for layer 1 is ind
pendent of these properties and the medium 2 contribu
can be measured directly by simply immersing the bare c
tal in medium 2.

However, if eitherb1D.0.0628 orb1 /b2 exceeds the
limits specified~.0.04 if layer 1 is viscous;.0.2 if layer 1
is elastic!, the simple additivity assumption fails and on
must use the rigorousXm

s of the characteristic impedanc
@Eq. ~18!# together with Eq.~24! to obtainD f r for a given
layer thicknessD, or D for a givenD f r . Thus, here one mus
know or measure~at f r

0) the viscoelastic properties of bot
media in order to obtainD from a measuredD f r .

A further simplification results whenb1D<0.0628 and
b1 /b2 is sufficiently small~<0.04 if layer 1 is viscous;<0.2
if layer 1 is elastic! and the second~bath! medium is such
that
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h2M<1.573105•
r1

2

r2
•D2 ~cgs units!, ~29!

~D in cm!; then the second medium contribution can be
nored~less than three percent error!. Note, however, that for
sufficiently thin films even the correction for air or parti
vacuum ~nearly sameh2M) becomes essential. Figure 1
shows theD f r due to shear wave propagation in medium
~no sample layer present! as functions ofh2M and a2 /b2 ,
which corresponds to (D f r)2 when the criteria for simple
additivity of the independent frequency shifts are met.

It is clear that the second~bath! medium in many QCM
experimental situations has produced an effectively indep
dentD f r shift. However, care should be exercised when c
sidering QCM applications to new samples to insure that
assumption is valid. The theoretical predictions of three d
ferent aspects of the QCM experiment~the spatial variation
of the velocity, the characteristic mechanical impedance
to sample layers, and theD f r) taken together show the phys
cal basis for observed deviations from Sauerbrey-like beh
ior. Of these, the impedance is probably the most use
since full impedance measurements would result in more
formation than is currently obtained fromD f r data.
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APPENDIX: EVALUATION OF PARTICLE VELOCITY
AND VELOCITY GRADIENT IN MEDIA 1 AND 2

From Eqs.~7! and~8! the spatial variation of the velocity

j̇* in medium 1 is given by

FIG. 11. D f r vs. h2M for second medium~infinite in extent!; there is no
layer 1. The effect of changinga2 /b2 is explored, illustrating that the
frequency shift due to medium 2 is a function of bothh2M and the ‘‘vis-
coelastic ratio’’ for the bath medium.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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j̇* 5Āe1 i ~vt2g1x!1B̄e1 i ~vt1g1x!, for 2D<x<0
~A1!

and in medium 2 by

j̇* 5C̄e1 i ~vt2g2x!, for x>0. ~A2!

From Equation~9! and the assumed coordinate system,

shear rateġxy* 5]j̇y /]x5g* , the velocity gradient in thex
direction.

The three unspecified complex coefficients (A,̄B̄,C̄) in
Eq. ~A1! and~A2! are evaluated by employing three boun
ary conditions: no slip at the interfaces atx52D and x
50, and shear stress continuity across thex50 interface.
Thus

j̇* ux52D5j0eivt, ~A3!

j̇1* ux505 j̇2* ux50 , ~A4!

and

h1* g1* ux505h2* g2* ux50 . ~A5!

A useful quantity,H* , that appears in subsequent equatio
is defined as

H* [
h2* g22h1* g1

h2* g21h1* g1
5

2
r2g1

r1g2
11

2
r2g1

r1g2
21

. ~A6!

Application of the boundary conditions to Eqs.~A1! and
~A2! yields

Ā5
j̇0

eig1D2H* e2 ig1D , ~A7!

B̄52
j̇0H*

eig1D2H* e2 ig1D , ~A8!

C̄5
j̇0~12H* !

eig1D2H* e2 ig1D . ~A9!

Substituting these expressions into Eqs.~A1! and ~A2! give

j̇* 5
j̇0~e2 ig1x2H* eig1x!eivt

eig1D2H* e2 ig1D for 2D<x<0, ~A10!

and

j̇* 5
j̇0~e2 ig2x2H* eig2x!eivt

eig1D2H* e2 ig1D for x>0. ~A11!

The velocity gradient is obtained from Eqs.~A10!, ~A11!,
and ~9!.

g* 52
j̇0~ ig1e2 ig1x1H* ig1e2 ig1x!eivt

eig1D2H* e2 ig1D for 2D<x<0,

~A12!

and
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g* 5
j̇0~2 ig2e2 ig2x1H* ig2e2 ig2x!eivt

eig1D2H* e2 ig1D for x>0.

~A13!

Equations~A10!–~A13! specify the velocity and velocity
gradient in each of the two media. In order to examine
predictions of these expressions it is convenient to rew
them in terms of real and imaginary components. Consi
theH* parameter from Eq.~A6!; sinceg j5b j2 ia j , g1 /g2

can be written as

g1

g2
5

b1@11~a1 /b1!2#1/2

b2@11~a2 /b2!2#1/2e2 i @ tan21~a1 /b1!2tan21~a2 /b2!#

5Ae2 iu, ~A14!

so thatH* can be written as

H* 5
@~r2 /r1!A#2212 i @2~r2 /r1!A sinu#

@~r2 /r1!A#212~r2 /r1!A cosu11
5c1 id.

~A15!

The expressions for the velocity and velocity gradient p
files may now be written out more simply. To do so, eig
additional useful quantities are defined as follows:

K[~11c!cos~b1x!cosh~a1x!2d sin~b1x!cosh~a1x!

1~c21!cos~b1x!sinh~a1x!

2d sin~b1x!sinh~a1x!, ~A16!

L[~11c!sin~b1x!sinh~a1x!1d cos~b1x!sinh~a1x!

1~c21!sin~b1x!cosh~a1x!

1d cos~b1x!cosh~a1x!, ~A17!

E[~12c!cos~b1D !cosh~a1D !2d sin~b1D !

3cosh~a1D !1~c11!cos~b1D !sinh~a1D !

1d sin~b1D !sinh~a1D !, ~A18!

F[~11c!sin~b1D !cosh~a1D !1~12c!sin~b1D !

3sinh~a1D !1d cos~b1D !sinh~a1D !

1d cos~b1D !cosh~a1D !, ~A19!

P[~12c!cos~b1x!cosh~a1x!1d sin~b1x!cosh~a1x!

2~c11!cos~b1x!sinh~a1x!

1d sin~b1x!sinh~a1x!, ~A20!

Q[~11c!sin~b1x!cosh~a1x!2~12c!sin~b1x!

3sinh~a1x!1d cos~b1x!sinh~a1x!

1d cos~b1x!cosh~a1x!, ~A21!

J[~c21!cos~b2x!cosh~a2x!2d sin~b2x!cosh~a2x!

1~c21!cos~b2x!sinh~a2x!2d sin~b2x!sinh~a2x!,

~A22!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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N[2~c21!sin~b2x!sinh~a2x!2d cos~b2x!sinh~a2x!

1~c21!sin~b2x!cosh~a2x!

2d cos~b2x!cosh~a2x!. ~A23!

With these definitions, Eqs.~A10! and ~A12! can be rewrit-
ten as

j̇* 5
j̇0@P2 iQ#

@E1 iF #
eivt

5
j̇0@P21Q2#1/2

@E21F2#1/2 ei @vt2tan21~Q/P!2tan21~F/E!#

for 2D<x<0, ~A24!

and

g* 52
j̇0ig1@K1 iL #eivt

@E1 iF #

5
j̇0b1@11~a1 /b1!2#1/2@K21L2#1/2

@E21F2#1/2

3ei @vt2p/22tan21~a1 /b1!2tan21~L/K !2tan21~F/E!#

for 2D<x<0. ~A25!

The equivalent expressions for medium 2 are obtained
rewriting Eqs.~A11! and ~A13!.

j̇* 5
j̇0@J1 iN#

@E1 iF #
eivt

5
j̇0@J21N2#1/2

@E21F2#1/2 ei @vt1tan21~N/J!2tan21~F/E!# for x>0,

~A26!

and

g* 5
j̇0ig2@J1 iN#eivt

@E1 iF #

5
j̇0b1@11~a1 /b1!2#1/2@J21N2#1/2

@E21F2#1/2

3ei @vt1p/22tan21~a1 /b1!1tan21~N/J!2tan21~F/E!#

for x>0. ~A27!

These expressions have been checked against two
known limits. First, if medium 2 is set to a very high visco
ity, then the general expressions must reduce to the ‘‘fi
reflector’’ case.46,49

If the viscosity of medium 2 is such thatuh2* u...uh1* u,
thenH* ⇒1, and Eqs.~A24! and ~A25! reduce to

j̇* 5
j̇0~e2 ig1x2eig1x!eivt

eig1D2e2 ig1D for 2D<x<0, ~A28!

and
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g* 52
j̇0~ ig1e2 ig1x1 ig1e1 ig1x!eivt

eig1D2e2 ig1D for 2D<x<0,

~A29!

which are the known expressions for the fixed reflec
geometry.46,49 Second, if the properties of the two media a
identical, the velocity and velocity gradient expressions m
reduce to those for a freely propagating plane shear w
traveling in the1x direction since no reflected waves will b
produced atx50. Settingh2* 5h1* gives H* 50, and Eqs.
~A24! and ~A25! reduce to

j̇* 5
~ j̇0e2 ig1x!eivt

e1 ig1D for x>2D, ~A30!

and

g* 52
j̇0~ ig1e2 ig1x!eivt

eig1D for x>2D, ~A31!

which are the expected freely propagating shear w
expressions.46,47,49
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